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Abstract
The theory of twistors on foliated manifolds is developed and the twistor space of the
normal bundle is constructed. It is demonstrated that the classical constructions of the twistor
theory lead to foliated objects and permit to formulate and prove foliated versions of some
well-known results on holomorphic mappings. Since any orbifold can be understood as the leaf
space of a suitable defined Riemannian foliation we obtain orbifold versions of the classical
results as a simple consequence of the results on foliated mappings.
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1 Introduction
Let M2n be an even-dimensional Riemannian manifold, the twistor space Z(M) is the parametriz-
ing space for compatible almost complex structures on M . It is a bundle over M , with fiber
SO(2n)/U(n) and is equipped with two almost complex structures J±, where J+ can be inte-
grable but J− is never integrable, however, it still is important as will be discussed in Theorem 5.
Moreover, in the case where J+ is integrable, it is shown in [1] thatM has particular properties, es-
pecially when n = 2, which is an interesting case in physics, since the holomorphic structure of the
twistor space correspond to conformal structure of M , and is called the Penrose correspondence.
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In Section 2 and 3 we review some of the necessary notions for our paper regarding the twistor
space. In Section 4 we take (M,F) to be a foliated Riemannian manifold with foliation F and
construct the bundle of transverse twistors Z(M,F). Furthermore, we discuss that on the normal
bundle of the foliation Q = TM/TF a twistor space Z(Q) can be constructed, which is a foliated
bundle. In Section 5 the suspension construction is briefly explained and the twistor space is
discussed. In Section 6 some of the classic results regarding harmonic mappings are revisited and
formulated in the case of having a foliation and the constructed twistor bundle in Section 4.
As it was remarked by A. Haefliger in [4], any orbifold can be realized as the leaf space of a
foliation with compact leaves. Therefore, having the results for foliated Riemannian manifolds in
the Section 6, in Section 7 we try to reformulate them for the leaf spaces, hence obtaining similar
results for orbifolds.
2 Structures on principal bundles
The argument of this section is quite well-known but we present it here to fix the notation and
conventions.
Let (Mm, g) be an oriented Riemannian manifold and D is an oriented subbundle of TM with
the dimension of the fiber equal to d.
Then we denote by SOg(M) the bundle of orthonormal positive oriented frames on M. This is
a principal bundle with the structure group SO(m). Let ω be the Levi-Civita connection form on
SOg(M). The form ω has its values in so(m). There is a naturally defined Riemannian metric on
SOg(M) which is defined by the pull-back of g on the horizontal vectors and by the Killing form
on the vertical vectors of TSOg(M).
We denote by SOg(D), SOg(D⊥) the principal bundles of oriented orthonormal frames with
the structure groups SO(d) and SO(m− d), respectively. We take an orientation on D⊥ such that
elements of the oriented basis of D together with that of D⊥ give the orientation of TM . Then the
principal fiber bundle SOg(D)×M SOg(D⊥) has the structure group SO(d)× SO(m− d) and is
canonically isomorphic to reduction of the principal bundle SOg(M) to the subbundle consisting
of the frames (v1, ..., vd, w1, ..., wm−d) such that (v1, ..., vd) ∈ SOg(D)x and (w1, ..., wm−d) ∈
SOg(D
⊥)x for x ∈M . Hence we identify SO(D)×M SO(D⊥) as the subbundle of SO(M).
The Lie algebra so(m) may be expressed as an orthogonal sum so(d)⊕so(m−d)⊕m(d,m−d)
where the decomposition is given by(
A B
−tB C
)
=
(
A 0
0 0
)
+
(
0 0
0 C
)
+
(
0 B
−tB 0
)
(1)
where A ∈ so(d), C ∈ so(m − d) and B ∈ m(d,m − d); Here we denote by m(d,m − d) the
vector space of d× (m− d) matrices with coefficients in R. Moreover, the decomposition in (1) is
orthogonal with respect to the Killing form on so(m). We denote by p1 the orthogonal projection
p1 : so(m) −→ so(d)⊕ so(m− d).
The connection ω is usually not reducible to the subbundle SOg(D)×MSO(D⊥); This happens
when both bundles D and D⊥ are totally geodesic. However, we put ω1 := p1 ◦ ω. This gives a
connection on the principal bundle SO(D)×M SO(D⊥). Then there exists a natural morphism of
the fiber bundles F : SO(D)×M SO(D⊥) −→ SO(D) over the homomorphism of the Lie groups
SO(d)× SO(m− d) −→ SO(d).
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Lemma 1 The connection ω1 projects via the homomorphism F to a metric connection on SO(D).
Proof. By a straightforward verification. 
We denote by ω2 the unique connection obtained in Lemma 1.
The metric connection ω2 may be characterized in another way as follows. Let σ = (X1, ..., Xd)
be a local section of the bundle SO(D) defined on an open subset U of M . This means that
X1, ..., Xd are orthonormal vector fields on U with their values in D. Then σ∗ω1 is a 1-form with
values in so(d) and it has components (ω2)ij defined by the following identity:
g(∇Xi, Xj) = (ω2)ij (2)
where∇ denotes the Levi-Civita connection of g.
The manifold SOg(D) carries a naturally defined Riemannian metric structure g1 defined in
the following way
g1 := pi
∗g0 + h0(ω2, ω2) (3)
where h0 is the scaled Killing bilinear form on so(d), we put h0(X, Y ) = (1/2)trace(XY ) for
each X, Y ∈ so(d). The metric g1 is invariant with respect to the action of the group SO(d) on
SO(D).
3 Twistor space on a subbundle of a Riemannian manifold
In the section we suppose that (Mm, g0) is a Riemannian manifold and D is a subbundle of TM
such that the dimension of the fibers of D is even and equal to d = 2q, (q ≥ 1).
Then we consider the homogeneous manifold SO(2q)/U(q). This manifold is well-known in
the theory of twistor spaces cf. [2, 9]. The structures on this manifold are essential for our paper,
therefore, we recall some of the definitions and properties here. The manifold SO(2q)/U(q) is
a Ka¨hlerian symmetric space. A Riemannian structure may be obtained as follows. The group
SO(2q) carries the standard bilinear bi-invariant Riemannian metric defined by−(1/2)trace(XY )
where X and Y are invariant vector fields identified with the antisymmetric d× d matrices. Then
the Riemannian structure on SO(2q)/U(q) is obtained from the above form on SO(2q) via the
projection on SO(2q)/U(q) in such a way that the projection is Riemannian. We denote this
metric by h1. The group SO(d) acts on SO(2q)/U(q) on the left via isometries.
To define the almost complex structure on SO(2q)/U(q) we need to decompose so(2q) =
u(q)⊕m as follows
X = (1/2)(X − J0XJ0) + (1/2)(X + J0XJ0), ∀X ∈ so(2q).
The complex structure defined on SO(2q)/U(q) is invariant with respect to the action of the group
SO(2q).
We denote by Z(q) the manifold of almost complex orientation preserving structures on Rd.
Then there is a canonical diffeomorphism between SO(2q)/U(q) and Z(q). The diffeomorphism
is given in the following way: if AU(q) ∈ SO(2q)/U(q) then AU(q) 7→ AJ0A−1 where
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J0 =
(
0 −Iq
Iq 0
)
and Iq is the q × q identity matrix. There is the unique Riemannian metric on Z(q) such that the
diffeomorphism is an isometry, also there is a natural action of the group SO(2q) on SO(2q)/U(q)
on the left. Likewise, there is the adjoint action of SO(2q) onZ(q) and these actions are isometries.
Furthermore, the correspondence between SO(2q)/U(q) and Z(q) is SO(2q)-equivariant. Then
there is the associated bundle
Z(D) := SO(D)×SO(2q) Z(q) (4)
which is a fiber bundle over M with the standard fiber Z(q). We called it the bundle of twistors of
D. We have the natural projection pi : Z(D) −→ M and we denote by V −→ Z(D) the vertical
vector bundle defined by pi.
The theorem below gives a natural geometric interpretation of our construction.
Theorem 1 The manifold Z(D) parametrizes all orthogonal, orientation preserving almost com-
plex structures on D. Moreover, Z(D) may be also considered as a parametrization of metric
f-structures on M such that their image is equal to D when they preserve the orientation on D.
Proof. Since the similar property is well-known for twistor spaces we only define the cor-
respondence. In fact, if [a, P ] ∈ SO(D) ×SO(2q) Z(q), then the corresponding almost complex
structure in D is given by aPa−1. The second part of the theorem follows from the fact that in
the presence of the Riemannian metric g on M we can extend in a unique way an almost complex
structure from D to a metric f -structure on TM by posing it equal zero on D⊥. 
Since the SO(2q) action
SO(D)× Z(q)× SO(2q)→ SO(D)× Z(q)
(a, P,A) 7→ (aA,A−1PA)
is an isometry then there exists the unique Riemannian metric on Z(D) such that the projection
Φ : SO(D)× Z(q)→ Z(D)
is a Riemannian fibration. We fix this metric on Z(D) and denote it by G.
The Riemannian structure G can be defined in the following equivalent way. For each a ∈
SO(D) and each P ∈ Z(q) we consider the decomposition of tangent space
T(a,P )(SO(D)× Z(q)) = H˜a ⊕ V˜a ⊕ TPZ(q)
where H˜a, V˜a are the horizontal and vertical subspaces of TaSO(D), respectively. The horizontal
subspace H˜a is considered with respect to the connection ω2 on SO(D).
The properties of the map Φ are essential to understand the geometric structures on Z(D); We
present some of them.
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Lemma 2 Let p ∈ Z(D) then for each (a, P ) ∈ p, we have that
1. dΦ(V˜a) = Vp
2. dΦ(H˜a) is horizontal and independent of the choice of (a, P ) ∈ p
3. dΦ is an isomorphism when restricted to V˜a ⊕ TPZ(q).
Proof. These properties are proved by straightforward caculations. 
The above lemma suggests to define the horizontal distribution H in TZ(D) as the image
of the distribution H˜a via the map dΦ. Moreover, we have an induced morphism of bundles
dpi : H → TM which is an isomorphism on each fiber.
Then the Riemannian structure G on Z(D) is such that: the subspaces Hp, Vp are orthogonal,
G restricted to Hp coincides with the pull-back metric, via the projection pi : Hp → Tpi(x)M , and
G restricted to Vp is obtained from the metric of TPZ(q) via the isomorphism dΦ : V˜p → Vp. It is
straightforward to prove that the metric defined in this way coincides with G.
There exist two canonically defined f-structures on Z(D). We denote them by φ±. The f-
structures φ± are defined as follows: if p = [a, P ] ∈ Z(D) then for each X ∈ Ha, we consider
dpi(X) = X1 +X2 ∈ D ⊕D⊥. Next, we put
φ±(X) = ±(dpi|Hpi(p))−1aPa−1(X1)
the almost structure on Va is obtained from the almost complex structure on TPZ(q) via the iso-
morphism dΦ. Hence we have defined φ± on the subspace TpZ(D). The definition of φ± does not
depend on the choice of the elements (a, P ) ∈ p. Moreover, it is straightforward to verify that G
and φ± are compatible, i.e., for each X, Y ∈ TpZ(D) we have that
G(φ(X), Y ) +G(X,φ(Y )) = 0.
Let f : (M1, g1)→ (M2, g2) be a local isometry such that df(D1) ⊂ D2 where Di ⊂ TMi are
oriented subbundles of the even dimension (i = 1, 2). We assume also that df preserves orientation
of D1 and D2. Then there is the induced map L(f) : SO(D1) → SO(D2) sending, via the map
df , the oriented frames of D1 into the oriented frames of D2. The map L(f) is SO(d)-equivariant
and it factorizes to the map Z(f) : Z(D1)→ Z(D2) which is a morphism of fiber bundles.
We have the following natural proposition which we have not found in the mathematical liter-
ature about the twistor spaces.
Proposition 1 If (M1, g1), (M2, g2) are two Riemannian manifolds with even-dimensional ori-
ented subbundles D1 ⊂ TM1 and D2 ⊂ TM2, then any local isometry f : M1 → M2 which
maps D1 into D2, while preserving the orientation, determines an f-holomorphic isometry Z(f) :
Z(D1) → Z(D2) of the metric f-twistor spaces. We consider the same type ±f -structures in the
twistor spaces Z(D1) and Z(D2).
Proof. We fix p1 ∈ Z(D1) and p2 = Z(f)(p1). Let (a1, P ) ∈ p1 and let L(f)(a1) = a2, then
(a2, P ) ∈ p2. Since f is a local isometry, it sends the horizontal subspace H˜a1 of Ta1SO(D1) onto
the horizontal subspace H˜a2 in Ta2SO(D2). Then we have the map
5
dL(F )× id : H˜a1 ⊕ TPZ(q)→ H˜a2 ⊕ TPZ(q) (5)
which determines, via the isomorphisms dΦi : H˜a ⊕ TPZ(q) → TpiZ(Di) (i = 1, 2), the map
dZ(f) : TPZ(D1) → TP ′Z(D2). It is enough to prove that the map dL(f) × id restricted to
H˜a1 × TPZ(q) is an f-holomorphic isometry. It is clear that the map id : TPZ(q)→ TPZ(q) is an
f-holomorphic isometry.
Then we observe that the restriction of daL(f) to H˜a1 equals to (dpi2|H˜a2 )df ◦ dpi1. Thus
da1L(f) is an isometry as a composition of isometries.
If X ∈ H˜a1 then dpi1(X) = av +X0, where v ∈ Rd and X0 ∈ D⊥. Then
dL(f)φ˜±(X) = ±(dpi)−1(dfa1P (v))
= ±(dpi2)−1(a2
=id︷ ︸︸ ︷
a−12 dfa1 P (v))
= φ˜±(dpi2)−1(a2v + df(X0))
= φ˜±dL(f)(X).
Hence L(f) is f-holomorphic and then Z(f) is f-holomorphic too. 
Corollary 1 Let (M2n1 , g1) and (M2n2 , g2) be two oriented Riemannian manifolds and f : M1 →
M2 be an orientation preserving local isometry, then the map Z(f) : SO(M1) → SO(M2) is
a local isometry which is holomorphic with respect to the corresponding, i.e., the same ± type,
almost complex structures.
By taking into consideration results of [2] we get the following corollary.
Corollary 2 Let (M2n1 , g1) and (M2n2 , g2) be two oriented Riemannian manifolds and f : M1 →
M2, be an orientation preserving local diffeomorphism, then there exists a fiber morphism Ψ :
SO(M1)→ SO(M2) which is holomorphic if and only if f is conformal.
Proof. We consider on M1, the metric f ∗g2. Then L(f) : Z(TM1, f ∗g2) → Z(TM2, g2) is a
holomorphic isomorphism with respect to the induced Riemannian and complex structures. Then
there exists an isomorphism of the bundles Φˆ : Z(TM1, g1) → Z(TM1, f ∗g2), cf. Proposition
2.2.6 of [2] . Hence, by considering the composition L(f) ◦ Φˆ and applying Proposition 2.2.7 of
[2] we get our corollary.

We have the following lemma which considers Riemannian foliations and twistor spaces.
Lemma 3 Let ρ : (M, g)→ (B, h) be a Riemannian submersion and B be even-dimensional and
oriented. Let D = (kerρ)⊥ with its natural orientation taken, via ρ, from B. Then for each x ∈M
and each Px ∈ Z(D)x we put
F (Px) = dxρ ◦ Px ◦ (dxρ|D)−1.
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We equip both Z(D) and Z(B) with the Riemannian metrics and the almost complex structures
coming from the twistor construction. Then F is a Riemannian fibration and is f-holomorphic with
respect to the same type of metric f-structures. Moreover, the following diagram
Z(D) Z(B)
M B
F
ρ
commutes.
Proof. Let ωB be the Levi-Civita connection form on SO(B). Then ρ∗ωB is the connection
on SO(D) obtained in Lemma 2.1. We have the induced map L(ρ) : SO(D) → SO(B) such
that L(ρ)(v1, ..., vd) = (dρ(v1), ..., dρ(vd)), where (v1, ..., vd) ∈ SO(D). The map L(ρ) is a
diffeomorphism on the fibers of these principal bundles. Since dL(ρ) sends the horizontal subbun-
dle of SO(D) onto the horizontal subbundle of SO(B). We denote by pi1 : SO(D) → M and
pi2 : SO(B) → B the canonical projections. Let a ∈ SO(D)x and b = ρ(a) ∈ SO(B)ρ(x). We
denote by H˜a the horizontal space in TaSO(D) and by Hˆb the horizontal space in TbSO(D). Then
the maps dpi1 : H˜a → TxM , dpi2 : Hˆb → Tρ(x)B are isomorphisms. Then for each P ∈ Z(q), we
have the following commutative diagram
H˜′a ⊕ H˜′′a Hˆb
(ker dxρ)⊕D Tρ(x)B
dL(ρ)
dpi1 dpi2
dxρ
Hence, it follows that dL(ρ) sends H˜′′a isomorphically onto Hˆb and has kernel equal to H˜ ′a. There-
fore, for each P ∈ Z(q) we have that
dL(ρ) : H˜′a ⊕ H˜
′′
a ⊕ TPZ(q)→ Hˆb ⊕ TPZ(q) (6)
is an isometry when restricted to H˜′′a⊕TPZ(q), has kernel H˜′a and is f-holomorphic if we equip the
spaces in (6) with their metric and holomorphic structure. Then after the projection on the twistor
spaces T[a,P ]Z(D)→ T[b,P ]Z(B), we get the desired result. 
4 Twistor spaces on foliated manifolds
Let (M,F) be a Riemannian foliation. Then it is defined by a cocycle U = {Ui, fi, kij}i,j∈I that is
modelled on a Riemannian manifold (N, g¯) such that
1. fi : Ui → N is a submersion with connected fibers;
2. kij : fj(Ui ∩ Uj)→ fi(Ui ∩ Uj) are local isometries of (N, g¯);
3. fj = kijfj on fj(Ui ∩ Uj).
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Let Q = TM/TF be the normal bundle of the foliation F . Over the open set Ui the normal
bundle is isomorphic to the pull-back f ∗i TN .
At any point x ∈M we define the transverse twistors as the set
Z(M,F)x = {Jx : Qx → Qx, J2 = −id}
and the bundle of transverse twistors Z(M,F) as the union of Z(M,F)x over all x ∈M .
The cocycle definition of the foliation permits us to relate transverse twistors on the foliated
manifold (M,F) to the twistors of the model manifold N . In fact, at any point x ∈ M , the differ-
ential dxfi defines a linear isomorphism dxfi|Q→ Tfi(x)N , which in turn defines an isomorphism
of the twistor spaces Z(M,F)x and Z(N)fi(x). Therefore, any submersion fi defines a submersion
Z(fi) on the level of twistors
Z(fi) : Z(M,F)|Ui → Z(N).
Hence the bundle Z(fi) : Z(M,F)|Ui = Zi(M,F) is isomorphic to f ∗i Z(N). Therefore, the
cocycle Z(U) = {Zi(M,F), Z(fi), Z(kij)} defines a foliation FZ on the manifold Z(M,F) of
dimension p which is modelled on Z(N). The leaves of FZ are covering spaces of leaves of F .
The manifold Z(N) carries the natural almost Hermitian structure and transformations Z(kij),
according to Corollary 1, are holomorphic isometries of the almost Hermitian structure of Z(N).
Moreover, the mappings Z(fi) are almost Hermitian submersions. Thus, the foliation FZ is
transversally almost Hermitian for the canonical Riemannian metric and the f-structure on the
manifold Z(M,F).
As in [3] one can construct a twistor bundle of a vector bundle. Here, since the normal bundle
Q can be viewed as a foliated vector bundle over the manifold M , we can also construct a foliated
twistor bundle which we will denote by Z(Q,FQ), where similarly the leaves of the foliation FQ
are the covering spaces of the leaves of F . This construction can be done both directly, meaning,
to perform the twistor construction for Q or using the model manifold N , which in this case Z(Q)
will be isomorphic to the pull-back bundle of Z(N) and has a cocycle which takes values in Z(U).
The important fact is that the twistor bundle Z(Q) constructed in either way is isomorphic to the
other.
The fact that the lifted foliationFZ on Z(M,F) is given by the lifted cocycle Z(U) can be used
to prove some interesting properties of Riemannian foliations using the well-developed theory of
twistor spaces.
Theorem 2 Let F be a Riemannian foliation of codimension 2q ≥ 4 on a compact manifold M .
If F admits a compact transverse manifold S and the basic operator Ωb is the identity, then the
foliation F is developable.
Proof. The bundle-like metric g for (M,F) is complete, so the manifold S is a complete trans-
verse manifold, and the foliation F can be modelled on (S, g¯), where g¯ is the induced Riemannian
metric. Therefore the lifted foliation is modelled on Z(S). The operator Ωb induces the operator
Ω¯ for the metric g¯. Our assumption assures that Ω¯ = id. Then Proposition 3.2.1 of [2] ensures
that the manifold Z(S) with the canonical structure is a Ka¨hler manifold, and therefore, according
to Theorem 4.3.2 of [2] , the manifold S is conformally equivalent to S2q with the standard Rie-
mannian structure. Therefore, F is a transversally conformal foliation modelled on S2q with the
standard Riemannian structure, and so it is a developable foliation. 
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5 Suspension construction
Let (B, gB) and (F, gF ) be two smooth Riemannian manifolds. Let h : pi1(B)→ Isom(F, gF ) be
a representation of the fundamental group of B into the isometry group of (F, gF ). On the product
Riemannian manifold (B˜ × F, g˜B × gF ), where (B˜, g˜B) is the universal covering of B with the
lifted Riemannian metric, the group pi1(B) acts via the diagonal action δ:
(x, y) ∈ B˜ × F, α ∈ pi1(B), δ(α)(x, y) = (xα, h(α)(y))
the action on B˜ being the deck transformation action.
The orbit space of the δ action piδ : B˜ × F → B˜ × F/δ = M(B,F, h) is a smooth manifold.
Since the action is isometric for g˜B×gF , this metric defines a Riemannian metric gh onM(B,F, h).
Moreover, the Riemannian foliation F˜h given by the projection p2 onto the second factor p2 :
B˜ × F → F is δ-invariant, so it defines a Riemannian foliation Fh on M(B,F, h) for which the
Riemannian metric gh is bundle-like. The leaves of Fh are covering spaces of B.
Let Z(M(B,F, h),Fh) be the bundle of transverse twistors of the foliated manifold
(M(B,F, h),Fh). The pull-back pi∗δZ(M(B,F, h),Fh) is isomorphic to the bundle of transverse
twistors of the lifted foliation, that is of F˜h. But this foliation is given by a global submersion p2,
so pi∗δZ(M(B,F, h),Fh) is isomorphic to p∗2Z(N). These isomorphisms preserve the canonical
Riemannian and transverse almost Hermitian structures.
6 Harmonic mappings
In this section we prove some of the results known in complex differential geometry, however, we
investigate them in the case where the manifold is foliated. As described in [2], for consideration
of geometric structures on foliated manifolds, the two approaches named foliated and transversal
are in one-to-one correspondence, i.e., the foliated objects have holomony invariant counterpart on
the transverse manifold.
Let (M,F) be a foliated Riemannian manifold with foliation F of codimension m = 2n
and the normal bundle Q = TM/TF , and the projection map pi : TM −→ Q. It is called
a transversally almost Hermitian foliation, if it is equiped with a holonomy invariant metric gQ
along the fibers of Q and a transverse almost complex structure J2 = −IdQ such that
gQ(JX, JY ) = gQ(X, Y ), ∀X, Y ∈ ΓQ.
Furthermore, having pi(X) = X ′ and pi(Y ) = Y ′ for each X, Y ∈ Γ(TM), a transverse Ka¨hler
2-form w and its dual Fundamental 2-vector F can be defined as follows
w(X, Y ) = gQ(JX
′, Y ′), (7)
gQ(F,X
′ ∧ Y ′) = gQ(JX ′, Y ′) = −gQ(X ′, JY ′). (8)
where F ∈ Γ(M,∧2Q), and it corresponds to a 2-vector on the transverse manifold, therefore, it
is a foliated section of the bundle
∧2Q.
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Harmonic and holomorphic maps between Riemannian manifolds have been a rich subject for
research, with numerous amounts of published papers. Now, we want to formulate the counterpart
of a few of those results in the case of foliated Riemannian manifolds. In order to do so, we need to
give a definition for the counterpart of some of the notions already well-known for the Riemannian
manifolds, although, some have been done before elsewhere (e.g. [5, 6]).
Definition 1 Let (M,F , J) and (M ′,F ′, J ′) be two foliated Riemannian manifolds with trans-
verse almost complex structures J and J ′ respectively. The smooth leaf-preserving (i.e., foliated)
map φ : (M,F) −→ (M ′,F ′) is transversally holomorphic if
φT∗ ◦ J = J ′ ◦ φT∗ .
where φT∗ = pi
′ ◦ φ∗ , is defined as the composition of the push-forward map φ∗ and the projection
pi′ : TM ′ −→ Q′ and it is a foliated section of the bundle Q∗ ⊗ φ−1Q′ −→M .
Let {Ea}a=1,...,m be a local orthonormal basis frame of the normal bundle Q and the transversal
tension field of φ be defined as
τ(φ) = trQ∇˜φT∗
where ∇˜ is the connection on the bundle Q∗⊗ φ−1Q′ and τ(φ) is a section of the pull-back bundle
φ−1Q′.
Definition 2 Let φ : (M, g,F , J) −→ (M ′, g′,F ′, J ′) be a foliated map between two transversally
almost Hermitian foliated manifolds. It is transversally harmonic if the transversal tension field
τ(φ) vanishes.
Let QC = Q⊗C be the complexified normal bundle which is naturally a foliated manifold and
using the transverse almost complex structure J we have the decomposition QC = Q1,0⊕Q0,1 that
is also compatible with the foliation and
Q1,0 = {X ∈ ΓQC|JX = iX}
Q0,1 = {X ∈ ΓQC|JX = −iX}
The fundamental 2-vector F (9) can be written as ∇F = D1F + D2F (cf. Section 1[10]),
where
D1F ∈ (Q1,0 ⊗Q2,0)⊕ (Q0,1 ⊗Q0,2), (9)
D2F ∈ (Q1,2 ⊕Q2,1). (10)
Lemma 4 The following holds
• D1F = 0⇐⇒ ∇X(Q1,0) ⊂ Q1,0, ∀X ∈ Γ(M,Q1,0)
• D2F = 0⇐⇒ ∇X(Q1,0) ⊂ Q1,0, ∀X ∈ Γ(M,Q0,1)
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Definition 3 A transversally almost Hermitian foliation is called transversally (1, 2)-symplectic if
D2F = 0 and transversally cosymplectic if tr(D2F ) = 0.
Trivially, transversally (1,2)-symplectic condition implies being transvarsally cosymplectic.
Now we can state the following theorem, which has its roots in the work done by A. Lichnerowicz
[7].
Theorem 3 Let (M, g,F , J) and (M ′, g′,F ′, J ′) be two transversally almost Hermitian foliated
manifolds, which are respectively transversally cosymplectic and transversally (1, 2)-symplectic.
Then any transversally holomorphic map φ : M −→M ′ is transversally harmonic.
Proof. Let {αj} be a local frame for Q1,0 and as M is cosymplectic we have tr(D2FM) = 0.
The transversal tension field is as follows
τ(φ) = trQ∇˜φT∗ =
∑
j
(∇˜α¯jφT∗ )(αj) =
∑
j
∇M ′φT∗ α¯j(φT∗ αj)− φT∗ (∇Mα¯jαj)
which using the fact that D2FM
′
= 0 and Lemma 4 , it can be shown that it belongs to Q′1,0,
however, since τ(φ) is real it must vanish. 
Similarly, one can instead of the fundamental 2-vector F work with the Ka¨hler form, hence,
the condition for cosymplicity will be given as δw = 0, where δ is the codifferential. Also, the
condition for being (1, 2)-symplectic will be (dw)1,2 = 0 , i.e., being (1, 2)-closed, hence the name
(1, 2)-symplectic. The theorem above has also been proved in [6], while using these notions.
Let us denote the transverse twistor bundle by W := Z(M,F). Then, having a connection ω
on W gives us the splitting
TW = H ⊕ V
where H and V are the horizontal and vertical subspace of the tangent bundle respectively. Let
x ∈ M , we can associate to any J ∈ Wx , its fundamental 2-vector F ∈
∧2Qx, which gives an
embedding
i : W ↪→
∧2
Q. (11)
Recall the projection pi : W −→ M and also consider the pull-back bundle pi−1Q , which is
isomorphic to Q and using J it is decomposed as
(pi−1Q)C = Q′1,0 ⊕Q′0,1
hence using the isomorphism H −→ pi−1Q we have
HC = (Q′1,0)h ⊕ (Q′0,1)h (12)
which gives us an almost complex structure Jh on H. Furthermore, consider the following decom-
position which can be obtained by varying J ∈ W
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(
pi−1
∧2
Q
)C
= Q′1,1 ⊕ (Q′2,0 ⊕Q′0,2)
moreover, it can be shown that for the vertical subbundle V we have
V C = (Q′2,0)v ⊕ (Q′0,2)v
which defines an almost complex structure Jv, such that
JvX = iX, ∀X ∈ Γ(Q′2,0)v,
JvX = −iX, ∀X ∈ Γ(Q′0,2)v.
therfore, on W there exist two distinct almost complex structures J+ = Jh ⊕ Jv and J− =
Jh ⊕ (−Jv). For the transversal vectors belonging to (1, 0)- class we have the following
T 1,0(W,J+) = (Q′1,0)h ⊕ (Q′2,0)v
T 1,0(W,J−) = (Q′1,0)h ⊕ (Q′0,2)v
Take a section f : U −→ W , where U is an open set of M with associated tensors J ∈
Γ(U,EndQ) and F = i(J) ∈ Γ(U,∧2Q), where tha map i is defined as (11). Then f(U) is a
transversally holomorphic submanifold of W , i.e., its normal bundle is stable under the action of
J±, if and only if the mapping f : (U, J) −→ (W,J±) is transversally holomorphic, which will
then be called transversally J±-holomorphic. It can be proved that a section f is transversally
J+-holomorphic (respectively J−-holomorphic) if and only if D1F = 0 (respectively D2F = 0).
Suppose that the transverse almost complex structure J+ on W is integrable. Let us denote the
transversal Riemannian curvature of M by R, then using Lemma 4 we have
R(X, Y, Z) =
(
[∇X ,∇Y ]−∇[X,Y ]
)
Z ∈ Q1,0.
where X, Y, Z ∈ Γ(U,Q1,0). Hence, R(X, Y ) has no component in Q0,2, and moreover, R has no
components in Q0,2 ⊗ Q0,2, which in the case of M2n, for n ≥ 3 means that M is transversally
conformally flat (see e.g. [8]). Recall that the Hodge star ∗, is a map from p-forms to (n−p)-forms
∗ :
∧p →∧m−p
where m is the dimension of the manifold, therefore, when m = 4, for 2-forms we have ∗ : ∧2 →∧2. In this case, ∗2 = +1 and it leads to the decomposition of the (transversal) Weyl tensor W
into an anti-self-dualW+ and a self-dual partW−.
Definition 4 The foliated Riemannian manifold (M,F) is called transversally self-dual (respec-
tively anti-self-dual) ifW+(respectivelyW−) vanishes.
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In the case of non-foliated manifolds the following result was dicussed in the paper by M.
Atiyah, N.J. Hitchin and I.M. Singer [1], and now using the earlier discussions, we can formulate its
counterpart for the case that we have a foliated Riemannian manifold (M2n,F) and its transverse
twistor bundle, which as before we denote by W .
Theorem 4 (W,J+) is a complex manifold if and only if we have the following
• M is transversally conformally flat for n ≥ 3.
• M is transversally anti-self-dual for n = 2.
Proof. The proof for the first case (i.e., n ≥ 3) follows from the earlier discussions, as for when
n = 2, the condition of R having no component in Q0,2 ⊗ Q0,2 means that the self-dual part of
the transversal Weyl tensor, which isW−, vanishes and thereforeM is transversally anti-self-dual.
The converse is due to the work done by S. Salamon in [10]. 
Remark 1 It is a well-known fact that J− is never integrable.
Theorem 5 Let (M, g,F , J) be transversally cosymplectic and (N,F ′) a foliated Riemannian
manifold with a transverse twistor bundle Z(N,F ′Z) and we have the projection pi : Z(N,F ′Z) −→
N . Then if ψ : M −→ Z(N,F ′) is transversally J−-holomorphic, pi◦ψ is transversally harmonic.
Proof. Let us for the sake of brevity denote the transverse twistor bundle by W ′ and the map
φ := pi ◦ ψ, therefore, the map ψ can be viewed as a section over M of the pull-back bundle
φ−1W ′ ⊂ φ−1∧2Q′, where Q′ = TN/TF ′ is the normal bundle of the foliation of N . Hence,
having ψ defines a transverse almost complex structure on the fibers of φ−1Q′, which gives the
decomposition
(φ−1Q′)C = Q′1,0 ⊕Q′0,1.
also a fundametal 2-vector F ∈ Γ(M,φ−1∧2Q′). Moreover, as before we have ∇F = D1F +
D2F , where
D1F ∈ (Q1,0 ⊗Q′2,0)⊕ (Q0,1 ⊗Q′0,2), (13)
D2F ∈ (Q1,0 ⊗Q′0,2)⊕ (Q0,1 ⊗Q′2,0). (14)
where Q = TM/TF . Let us take X ∈ ΓQ1,0, then
ψ∗X = (φ∗X)h + (∇XF )h
which, since ψ is transversally J−-holomorphic, belongs to T 1,0(W ′, J−), therefore, φ∗X ∈ Q′1,0
and ∇XF ∈ Q′0,2. These results are a consequence of tr(D2FM) = 0 and D2F = 0, hence, the
rest of the proof follows likewise Theorem 3 , having F instead of FN . 
7 Orbifolds
In 1956, I. Satake [11] introduced a new generalization of manifolds that he named V -manifolds,
and now are known as orbifolds due to W. Thurston [12] and have applications in both mathematics
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and physics, especially in string theory. It is a well-known result that having a Riemannian foliation
with compact leaves, its leaf space can be identified with an orbifold. Having this, we try to
reformulate some of the results of the Section 6 for orbifolds. In this section we follow the notations
and borrow some notions from [14], which can be consulted for more discussions on the subject.
Let X be a topological space, U˜ ⊂ Rn be a connected open subset, Γ be a finite group of
smooth diffeomorphisms of U˜ , and φ : U˜ −→ X be a map which is Γ-invariant and induces
a homeomorphism of U˜/Γ onto an open subset U ⊂ X . The triple (U˜ ,Γ, φ) is called an n-
dimensional orbifold chart on X.
An embedding λ : (U˜ ,Γ, φ) −→ (V˜ ,∆, ψ) between two orbifold charts is a smooth embedding
λ : U˜ −→ V˜ which satisfies ψ ◦ λ = φ.
Let A = {(U˜i,Γi, φi)}i∈I be a family of such charts, it is called an orbifold atlas on X , if
it covers X and any two charts are locally compatible in the following sense: given two charts
{(U˜i,Γi, φi)}i=1,2 and x ∈ U1 ∪U2, there exists an open neighborhood U3 ⊂ U1 ∪U2 containing x
and a chart (U˜3,Γ3, φ3), U3 = φ3(U˜3) ⊂ X such that it can be embedded into the other two charts.
As in the case of manifolds, one can define a maximal atlas.
Definition 5 A Hausdorf paracompact topological spaceX together with a maximal orbifold atlas
A is called a smooth n-dimensional orbifold.
Some of the notions given earlier can be generalized to orbifolds. Let f : X −→ Y be a map
between two Riemannian orbifolds, similar to earlier we have the differential df : TX −→ TY ,
which is a section of the bundle
TX ⊗ f−1TY
and having the Levi-Civita connections∇X and∇Y , one can define a connection D on the bundle
TX⊗f−1TY . Therefore, we are able to define the tension field τ(f) for the map between (X, gX)
and (Y, gY )
τ(f) = tr(Ddf)
which is a section of f−1TY −→ X .
Definition 6 A complete orbifold mapping f : X −→ Y between two Riemannian orbifolds
(X, gX) and (Y, gY ) is harmonic if its tension field vanishes.
As mentioned earlier, for any orbifold there exists a foliation that the orbifold is its leaf space.
Suppose X and Y are two orbifolds with L(X) and L(Y ) denoting the linear frame bundles re-
spectively. The frame bundles are naturally foliated by the fibers and the foliations are denoted
by FX and FY . Any smooth complete orbifold diffeomorphism f : X −→ Y can be lifted to a
foliated mapping L(f) : L(X) −→ L(Y ).
Theorem 6 Let (X, g) and (Y, h) be two Riemannian orbifolds and f : X −→ Y be a smooth
complete mapping. Then f is harmonic if and only if the induced (foliated) mapping L(f) :
(L(X),FX , gL) −→ (L(Y ),FY , hL) is transversally harmonic.
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The Theorem above shows that as expected some of the properties of the Riemmanian orb-
ifold correspond to the properties of the foliated Riemannian manifold. Now, we will give the
counterpart of some the results obtained earlier.
Theorem 7 Let X and Y be two almost Hermitian orbifolds, which are respectively cosymplectic
and (1, 2)-symplectic. Then any holomorphic map φ : X −→ Y is harmonic.
Recall that (M2n,F) is a foliated Riemannian manifold with foliation F and W := Z(M,FZ)
is its transverse twistor bundle with foliation FZ . As discussed earlier the leaf spaces M/F and
W/FZ correspond to orbifolds, which we denote byOM andOW respectively. The almost complex
structures J±, also induce their counterpart on OW , which by abuse of notation we shall denote
them by J±. Therefore, we put the following theorem as the orbifold counterpart of Theorem 4.
Theorem 8 (OW , J+) is a complex orbifold if and only if
• OM is conformally flat for n ≥ 3.
• OM is anti-self-dual for n = 2.
Moreover, Using Theorem 5 and denoting the orbifolds obtained from (N,F ′) and Z(N,F ′Z)
by ON and OW ′ , respectively, we get the following theorem.
Theorem 9 LetOM be a cosymplectic orbifold, having the orbifoldsON andOW ′ and the projec-
tion pi : OW ′ −→ ON , if ψ : OM −→ OW ′ , is J−-holomorphic, pi ◦ ψ is harmonic.
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